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The Stokes problem

Q c R with d = 2, 3. Find velocity v and pressure p s.t.

—VAU+Vp=f inQ (Sa)
—divu=g inQ, (Sb)
u=0 ondQ, (Sc)

where f, g are ext. forces/sources and v > 0 is the dynamic viscosity. Weak formulation of (Sa)-
(Sc): Find (u, p) € [HA(Q)]9 x L3(Q), s.t.

/uVu:Vvdxf/divvpdx:/f-vdx Vv € [H3(Q)]7,
Q Q Q

W)
—/divuqu:/qux Vg € L3(Q),
Q Q
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Standard DG for Stokes

Find (up, pn) € X[ = [PK]? x PK71/R, s.t.

an(un, va) + ba(vh, pn) = (f, vn)T, Y v, € [PK)9, (DGa)
br(un, qn) = (g an)T; VY gn € PR, (DGb)

with the bilinear forms
an(un, vn) = (vVup, Vvp)7, — ({v0nun}, [val) 7, — ({v0nvn}, [unl) 7,
+ 5 ([ L),
by(vh, pn) = —(div v, pn)7, + ([va - 0], Lpn )7,

where the interior penalty parameter a = O(k?) is chosen sufficiently large and we used the nota-
tion 8,w := Vw - n (and std. notation for avg. and jumps).
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Idea Trefftz (in a nutshell):

e Take your DG formulation and replace the polynomial spaces by Trefftz spaces.

o Trefftz spaces are spaces of functions that satisfy the PDE in the interior exactly (not
considering boundary / element interface conditions), i.e.

e harmonic polynomials for the Laplace equation,
e plane waves for the Helmholtz equation,
o etc.

e Exact solutions are in general hard to find,
but approximate solutions can be constructed (Quasi-Trefftz / Weak Trefftz)
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The Stokes Trefftz DG space

T . (Th) = {(un, pn) € Xfy | =Aup + Vpy =T1"?f, —divu, = TT" g}, (T)
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The Stokes Trefftz DG space
T . (Th) = {(un, pn) € Xfy | =Aup + Vpy =T1"?f, —divu, = TT" g},

Only affine linear. Decompose into

T = T*(Th) = T§o(Ts) and a particular solution (upp, pnp) € Tf z(Th).
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The Stokes Trefftz DG space

T . (Th) = {(un, pn) € Xfy | =Aup + Vpy =T1"?f, —divu, = TT" g}, (T)
Only affine linear. Decompose into
T = T*(Th) = T§o(Ts) and a particular solution (upp, pnp) € Tf z(Th).
Find (un, pn) € Trg = T + (Un,p, Ph,p) such that V(vi, gn) € T

Kn((un, pr), (va, qn)) = an(un, vi) + ba(vh, pn) + br(un, gn) = (f, va)7, + (&, qn)T5)- (T-DG)
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The Stokes Trefftz DG space

T . (Th) = {(un, pn) € Xfy | =Aup + Vpy =T1"?f, —divu, = TT" g}, (T)
Only affine linear. Decompose into
T = T*(Th) = T§o(Ts) and a particular solution (upp, pnp) € Tf z(Th).
Find (un, pn) € Trg = T + (Un,p, Ph,p) such that V(vi, gn) € T
Kn((un, Pn). (Vi Gn)) == an(un, vh) + ba(vh, pn) + bn(un, gn) = (f, va)7, + (& Gn)7- (T-DG)
A few questions:

e Does a particular solution always exist?
e How to compute it?
e How much do we gain from X§ = [PK]¢ x Pk—1 s Tk?
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Example basis functions (k = 2)
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Lemma

The pointwise Stokes operator L : [PX(T)]¢ x P*=Y(T) — [P*=2(T)]¢ x Pk-1(T),
(v,q) — (—Av + Vp, —div v) is surjective and the local Trefftz space on an element T € T}, has

dim(T(T)) = dim(X,(T)) ~ dim([P*~?]%)~dim(P*~*) = d ( k+d ) ( k—2+d )

d d
\ d=2 d=3
dimXp(T) [ 3K2+ Th+2| 2K3+1Kk%+ 2k +3

Dimensions of the local finite element spaces X,(T) and T(T).
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Implemenation (element-by-element; embedded Trefftz DG)

Let (¢;, ;) € X,(Th) be basis functions of X,(75). Matrix W (block-diag.) to Stokes operator:

(W) = (—A; + V9, d)7, + (div by, D)7,
for basis functions (¢;, ;) < [P 2(7,)]7 = PX 1(T,).
Compute ker (W) numerically, e.g. by SVD (altern.: QR)

.
Vi ———

g1

T

,\
< .

<
~
-

z5

<

1A Stokes Trefftz basis can also be give explicitely
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Implemenation (element-by-element; embedded Trefftz DG)

Let (¢;, ;) € X,(Th) be basis functions of X,(75). Matrix W (block-diag.) to Stokes operator:
(W) = (—A; + V9, d)7, + (div by, D)7,

for basis functions (¢;, ;) < [P 2(7,)]7 = PX 1(T,).

Compute ker (W) numerically, e.g. by SVD (altern.: QR)

T ,
o1 vi ——
W = up...up up4q... Uy L v WT:I Vi1 VN I TRM:kerW
| O' ) U]
0 it \ /

1A Stokes Trefftz basis can also be give explicitely
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Implemenation (element-by-element; embedded Trefftz DG)
Let (¢;, ;) € X,(Th) be basis functions of X,(75). Matrix W (block-diag.) to Stokes operator:
(W)ij = (A + V9, 6i)r, + (divey, )7,

for basis functions (¢;, ;) < [P 2(7,)]7 = PX 1(T,).
Compute ker (W) numerically, e.g. by SVD (altern.: QR)

: | |
T | |
W = up...up up4q... Uy LO . V‘7I-L WT:I VL—I---VNI TRM:kerW
L+1 | |
. . | |
o g ) b )

Trefftz basis' through T: (6T, 4T = ZT,-J-(¢}I, Y;) € T(Tn) C Xp(Th)

J

1A Stokes Trefftz basis can also be give explicitely
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Implemenation (embedded Trefftz DG; particular solutions)

Particular solution: For F; = (f, ¢;)7, + (g, ¥i)7, we can compute (up, p, ph p):

W-u,=F  (egu,=WIF),  (upp pnp) Zup,(qs,,
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The role of the pressure in the (homogeneous) Trefftz space

e On T we have Vp = vAu, i.e. the pressure is determined by the velocity up to a constant (per
element). Higher order pressure is determined by velocity.
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The role of the pressure in the (homogeneous) Trefftz space

e On T we have Vp = vAu, i.e. the pressure is determined by the velocity up to a constant (per
element). Higher order pressure is determined by velocity.

e On T we have div u = 0 so that we don’t need the pressure as Lagrange multiplier for the
divergence constraint within each element.
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The role of the pressure in the (homogeneous) Trefftz space

e On T we have Vp = vAu, i.e. the pressure is determined by the velocity up to a constant (per
element). Higher order pressure is determined by velocity.

e On T we have div u = 0 so that we don’t need the pressure as Lagrange multiplier for the
divergence constraint within each element.

e However, we need the (piecewise constant) pressure as Lagrange multiplier for the mass
balance / divergence constraint across the element interfaces.

bh(vh, ph) = —(diV Vh, ph)Tz'i'([[Vh . n]], {ph})]:h, for (Vh, qh) eT.
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Theorem (Inf-Sup stability of K,(-,-))
For (vh, gn) € T there holds

sup Kn((un, pn), (vh, qn))

> crl[(va, qn)llT 1s)
(unpn)ET | (un, pa)llT

for constant cr independent of h, k and v and hence the Trefftz-DG problems (T-DG) admits a uni-
que solution that depends continuously on the data.?

Proof (sketch):
e Saddle point problem with piecew. constant pressures P° the Lag. multipliers.

e Inf-sup stability follows from BDM* x P° C T
e (Kernel-)coercivity as usual.

2The T-norms are usual DG-type norms.
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Lemma (Céa)

Let (u, p) € [H*(Tn)]¢ x HY(Ts)/R be the solution of the Stokes problem (W) and (up, ps) € Tr,, be
the discrete solution to (I-DG). Then, there holds

[(un —upn—pP)Iv < inf_[[(u—vh p—qn)llr ©
(vhgn)€Tr g
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Lemma (Céa)

Let (u, p) € [H*(Tn)]¢ x HY(Ts)/R be the solution of the Stokes problem (W) and (up, ps) € Tr,, be
the discrete solution to (I-DG). Then, there holds

[(un —upn—pP)Iv < inf_[[(u—vh p—qn)llr ©
(vhgn)€Tr g

Lemma (Approximation)
Let (u, p) € [H*Y(TH)]4 N [HY(Q)]? x H*(T4)/R be the solution of the Stokes problem. There holds

inf [[(u— Vh,p—Qh)H’]l‘5I/%hk‘u|Hk+l(7’h)+l/7%hk|p|Hk(7’h). (A)
(thQh)ETF,g
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Lemma (Céa)

Let (u, p) € [H*(Tn)]¢ x HY(Ts)/R be the solution of the Stokes problem (W) and (up, ps) € Tr,, be
the discrete solution to (I-DG). Then, there holds

[(un —upn—pP)Iv < inf_[[(u—vh p—qn)llr ©
(vhgn)€Tr g

Lemma (Approximation)
Let (u, p) € [H*Y(TH)]4 N [HY(Q)]? x H*(T4)/R be the solution of the Stokes problem. There holds
inf _ [|(u— v p— agn)llT S vEh |y + v Bl (- (A)

(vh,qn)ETr g

~+ We recover the usual DG convergence rates.
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Numerical example (2D)

10 F - — “H ]
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o0 S
= g = ]
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10° 107! 10° 107!

h h

- T (k=2) - IR~ PX(k=2) @~ T*(k=3) - @ - PX(k=3) —— TK(k=4) - 4-- PKk(k=4) —— O(hk*1) - - - O(h¥)
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Numerical example (3D)
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Thank you for your attention!

Further details:

Philip L. Lederer, Christoph Lehrenfeld, and Paul Stocker.

Trefftz discontinuous Galerkin discretization for the Stokes problem.
arXiv preprint arxiv:2306.14600, 2023,

accepted for publication in Numerische Mathematik, 2024.

Ongoing work:

e Pressure robust variants
e Variants with (partial) continuity of the velocity
e Extension to Navier-Stokes (non-linear, time-dependent, ...)
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