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Motivation: Unfitted FEM G

« ldea of unfitted discretizations:

L J
It can be beneficial to separate geometry and mesh for
m time-dependent geometries (avoiding remeshing)

m avoiding (non-trivial) meshing
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It can be beneficial to separate geometry and mesh for
m time-dependent geometries (avoiding remeshing)
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Challenges in unfitted finite elements:

m arbitrary small cuts cause stability issues. Q)

m implementation of unfitted boundary conditions

m geometry description
m cut integration
m time integration

m linear solvers, ...
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Motivation: Unfitted FEM

X%
L4

Idea of unfitted discretizations:

It can be beneficial to separate geometry and mesh for

time-dependent geometries (avoiding remeshing)

avoiding (non-trivial) meshing

Challenges in unfitted finite elements:

arbitrary small cuts cause stability issues.
implementation of unfitted boundary conditions
geometry description

cut integration

time integration

linear solvers, ...

Problem classes:

£ one-domain problems
(fictitious domain)

interface problems
? surface PDEs
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Example problem: Poisson equation on an unfitted mesh

Consider

—Au=1f in Q,
u=g on I =0Q.

as prototypical elliptic problem on an unfitted mesh.

Setting:
m Geometry description independent of the mesh
m 7 active submesh with cut elements.

m FE space based on 7,
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Example problem: Poisson equation on an unfitted mesh

Consider
—Au="f in Q,
u=g on I =0Q.
as prototypical elliptic problem on an unfitted mesh.
Setting:

m Geometry description independent of the mesh

m 7 active submesh with cut elements.

m FE space based on 7,

Level set geometry on an
Starting point: unfitted mesh with active

m discontinuous Galerkin discretisation (Trefftz later) elements marked

m weak imposition of boundary conditions through Nitsche
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Unfitted DG discretisation (symmetric interior penalty)

Find u, € PX(Th),  st. an(up, vi) =8h(vh) Vv, € PK(Th).
consistency symmetry stability
an(uv) =) Vqudx+/ “n-Vuv “un-Vv +2Ch 1 vds
K 7 KNQ Knr

" EF: /Fm —{lnr - VuRvl—{nr - VvRul+ 2k h [u][v]ds

Ly(v) = Z/K fvdx —|—/ —gn-Vv+ik’h g vds
K nQ Knr

{-}: average across facet, [-]: jump across facet ~» communication between facets.
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{-}: average across facet, [-]: jump across facet ~» communication between facets.

This is IP method on the shape-irregular trimmed mesh {K N Q}ker, ~ unstable
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Unfitted DG discretisation (symmetric interior penalty)
Find up € PX(Th), st. an(un, vi)+ % ,(un, vi) = €u(va) Yvi € PX(T3).

consistency symmetry stability
—— T
an(u,v) = Vu Vvdx + “n-Vuv “un-Vv +32htu vds
< JKno KT

! Z/ e - VudIvI—{ne - Vv lul A [l [V]ds

Lh(v) = Z/ fudx +/ —g n-Vvi+Ak’h g vds
< JKnQ KA
{-}: average across facet, [-]: jump across facet ~» communication between facets.

This is IP method on the shape-irregular trimmed mesh {K N Q}ker, ~ unstable

Add ghost penalty (¥ ) stabilization or repair mesh by cell merging.
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Unfitted Stabilisation: ‘® Penalty

Direct version of the ¥ -penalty operator:

h(u V Z h2 |[u]]wF|[V]]deX

FE]“h

Here [u]w, := u1 — up with u; = 5u|T_,

E: P™"(K) — P™(RY) : canonical pol. ext. to R

This gives us the crucial property

VI3, S VI3, + B2 % 4 (v, v).

F:TlmTQ

wr=T1UT
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wr=T1UT
This gives us the crucial property
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FE]“h
Here [u]w, := u1 — up with u; = 5u|T_,
E: P™(K) — P™(RY) : canonical pol. ext. to RH.
wrp=T1UT,
This gives us the crucial property
VI3, S VI3, + B2 % 4 (v, v).
m We can borrow stability from neighbouring elements

m This couples all element dofs in a facet patch (-~ doesn't harmonizes with HDG )

m Other versions of the stabilisation are possible.
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Unfitted Stabilisation: ‘® Penalty

Direct version of the ¥ -penalty operator: F=T:NT,

h(u V Z h2 |[u]]wF|[V]]deX

FE]“h

Here [u]w, := u1 — up with u; = 5u|T_,
E: P™"(K) — P™(RY) : canonical pol. ext. to R

wr=T1UT
This gives us the crucial property

VI3, S VI3, + B2 % 4 (v, v).
m We can borrow stability from neighbouring elements
m This couples all element dofs in a facet patch (-~ doesn't harmonizes with HDG )
m Other versions of the stabilisation are possible.

How to choose F;,” 7
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Stabilization facets Fj for the ¥ penalty

Form patches that allow to reach one good element from every (ill-)cut element.

> TeT\Th" ' T we T
D> TeT" FeFn(Th*)

— FeFN(TFNFs* —  FeF,(Th®)
— FeFs* D> TeTE\Te
—r — T
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Unfitted (embedded) Trefftz DG

Find u, € T’;(ﬂ,), s.t. ah(uh, Vh)+ v h(uh' Vh) = Kh(vh) Vv, € Té(ﬁ,) with

T(Ts) == {vs € PX(T3) : —Avj, = M¥72f on K for all K € Tp}.

m Complexity reduction similar to Hybrid DG: O(h~9k?) — O(h~9k9"1)

m Coupling pattern (element-to-element) compatible with ¥ penalty.

e: global dof

o: |ocal dof
o: removed dof

Hybrid DG standard DG Emb. Trefftz DG
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Recovering the DG error estimates

Lemma (H! Estimate)
u € H™(Q) exact solution with g € H%(F), f e L?(Q), u, € TE(Ts) Trefftz solution. Then,

o= unll g, + lonl s, S Blulmongey, 1= min{m —1,k}.

Theorem (L? Estimate)
Additionally, assume L2(Q)-H(Q)-regularity. Then

lu—unlla S M ullpagqy, 1 =min{m—1,k}.

Proofs follow ‘standard’ unfitted + 'standard’ Trefftz DG methodology:
m Coercivity for sufficiently large v, and A
m (patchwise) averaged Taylor polynomial as interpolant of the extended solution (on 7p)

m Appropriate bound on ghost-penalty contribution.
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A few variants

Discrete formulation ]

Patch-wise ghost penalty

Element aggregation: vy, — oo (patch-wise ¥ penalty) ~~ patchwise harmonic polynomials.
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G

Embedded Trefftz>: Extracting harmonic & aggregated polynomials

Compute patchwise kernel of

wy (u, v) = Z W (Au, Av)k + %} (u,v)
Kew

ker(w}’): harmonic functions that are one polynomial on w.
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Embedded Trefftz>: Extracting harmonic & aggregated polynomials

Compute patchwise kernel of

wp (u, v) = Z R (Au, Av)k + % ‘:(u v)
Kew

ker(wy’): harmonic functions that are one polynomial on w.

Setup reduces to:
m Setup linear system for unstabilized (w.r.t. cuts) P¥(75) discretization
m Setup embedded matrix T corresponding to ker(w;’)
m Setup reduced system (TTAT and T7b)
m Solve for aggregated Trefftz DG basis
m Reconstruct solution in P*(75)

Steps can also be patch-localized (to avoid the global DG assembly).
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Reference

Right: DG solution; Left: Trefftz DG solution

£ F. Heimann, C. Lehrenfeld, P. Stocker, H. von Wahl.
Unfitted Trefftz discontinuous Galerkin methods for elliptic boundary value problems.
ESAIM:M2AN 57(5):2803-2833, 2023.
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PDEs on surfaces

Example problems:

m Laplace-Beltrami equation,
u:I—-R —Aru=1f onTl
m Vector Laplace-Beltrami equation,
u:T > RY —Aru=fFf, u-np=0 onl

m Surface (Navier-)Stokes equations, ...
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Unfitted FEM DG for Surface PDEs, the Trace FEM DG G

Unfitted mesh entities:
m active mesh: T (domain: Np)
m (background) FE space: P*(73)
m irregular! surface mesh: KCp, (surface: I'y)
m edges? of surface mesh: &

m (active) facets of background mesh: Fj,

?in the 3D case, vertices otherwise
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TraceFEM on irregular cut surface mesh for —Aru = fon [
Naive discrete bilinear form for (negative) Laplace-Beltrami operator on PX  (T}):

aw )= 3 [ Ve Vew, auu) =19l
KelkCp K

m ||Vr, - |Ir, has a large (near-) kernel: vol. fcts. vanishing on surface
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TraceFEM on irregular cut surface mesh for —Aru = fon [
Naive discrete bilinear form for (negative) Laplace-Beltrami operator on PX  (T}):

ap(u,v) = Vru- Vv, an(uu) = |[Vr,ull?
h
KelkCp K

m ||Vr, - |Ir, has a large (near-) kernel: vol. fcts. vanishing on surface
Remedy: Normal gradient volume stabilisation

m PDE acts in tangential direction of the surface. Add equation in normal direction:

=3 /TA"(Vu-nr)(var)

TETh

nr: quasi-normal vector (extension of surface normal to neighborhood).
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Interior penalty Trace DG on irregular cut surface mesh

Z /KVrhu~Vrhv+Z/TA”(Vumr)(Vv-nr)

KeKh TETh

=ap(u,v) =jn(u.v)

For A" = h there holds
lunlIf + jn(un, un) Z B~ H|unllR,  uh € Peone(Th)
~ For h™1 > \": optimal error and condition number bounds independent of cut position.

L J. Grande, C. Lehrenfeld, A. Reusken.
Analysis of a high-order trace finite element method for PDEs on level set surfaces.

SINUM 56(1):228-255, 2018.
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Interior penalty Trace DG on irregular cut surface mesh G

an(v,v) = 3 /erhu-vrhv— Z/E{{HE-VLI}[[V]]— Z/E{{nE-vV}}[[um%Z/E[qu]]

KeKy Ecé&y Ecé&y Ecé&y

Stability issues:

m ) scales with shape regularity that may become unbounded.

Inot all volume d.o.f.s needed this time
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Interior penalty Trace DG on irregular cut surface mesh G

A
ap(u, v) ~ Z / Vr,u-Vr,v— Z / {ne - Vullv] - Z / {{ne - Vvi}u] + - Z /[[u]][[v]]
Kek, 7K Ece, U E Eee, U E Ecey U E
Stability issues:
m ) scales with shape regularity that may become unbounded.
Remedy: Add stabilisations:

m Normal gradient volume stabilisation (as before):

o)=Y /TA"(Vu-nr)(anr),

TETh
m Borrow stability from neighbouring volume elements?.

%)= % [ B+ [ Nilne - Villne 1]

FeF,

Inot all volume d.o.f.s needed this time
Contemporary Challenges in Trefftz Methods, from Theory to Applications — The Trefftz Approach for unfitted FEM — C. Lehrenfeld 15/19
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A
ap(u, v) ~ Z / Vr,u-Vr,v— Z / {ne - Vullv] - Z / {{ne - Vvi}u] + - Z /[[u]][[v]]
Kek, 7K Ece, U E Eee, U E Ecey U E
Stability issues:
m ) scales with shape regularity that may become unbounded.
Remedy: Add stabilisations:

m Normal gradient volume stabilisation (as before):

o)=Y / MN(Vu-nr)(Tv-ne),  ker(js) = {v € PX(T3) | Vv - nr = 0}
e /T

m Borrow stability from neighbouring volume elements?.

%)= % [ B+ [ Nilne - Villne 1]

FeF,

Inot all volume d.o.f.s needed this time
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Trace DG analysis / Trefftz Trace DG &

For \" =~ h™1, X\j, A} Z 1 optimal error and condition number bounds indep. of cut position.

A" = 00~ up € ker(jp) = {v € PX(T;) | Vv - nr = 0} + Trefftz DG space
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But ker(j,) = {0} (if nr is complicated) ~» Locking & .
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Trace DG analysis / Trefftz Trace DG G

For \" =~ h™1, X\j, A} Z 1 optimal error and condition number bounds indep. of cut position.
AT = 00 ~ up € ker(ji) = {v € PX(T,) | Vv - nr = 0} + Trefftz DG space
But ker(j,) = {0} (if nr is complicated) ~» Locking & .

Analysis of TraceFEM reveals:
m It suffices to use ny = np + O(h) in ju(-, -) for stability.
m It also suffices to penalize M®ny, - Vu in ji (-, -) for stability with Q = P¥~1(7p,).
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Modified Trace DG ~~ Trace Trefftz DG

Relaxed normal gradient stabilization:

e ) =" /TA"(nQvu-nr)(nQvV-nr),

TETh

Then, the following three formulations are equivalent:

u,l7 = limyn—oo u%\ with
Find u} € PK(Tp) s.t.

an(ux. vi) + jn (A" 3, vi)
= fh(Vh)

for all v, € PX(Th).

-
Find u2, p? € PX(T,) xPA1(Tp) s t.

an(uj, vh) + ba(vh. p3) = fu(va),
b(up, gn) =0,

for all vy, gn € PX(Tp) x PA1(T3),
bn(u,q) =X reg;, J7 Vu-nr-q.

Find u; € ker(j;) s.t.

ap(u

for all

ne Vh) = fn(vh)

vh € ker(ji).
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Analysis, Dimension reduction, implementation
Analysis of and equivalence of [}, [, 2] yields quasi best approximation results:

lu—unllirn S inf flu—villirs
VhE

~ ker(jh)
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Analysis, Dimension reduction, implementation
Analysis of [} and equivalence of [, [, = yields quasi best approximation results:

u—u S oinf Jlu—v
| nllirn < k(i) | wllLr
dimPX(T) dim ker(j;)
k+d k+(d—1) ~~ dimension as in the fitted (DG) case
d (d —1)
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Analysis, Dimension reduction, implementation
Analysis of and equivalence of [}, [, 2] yields quasi best approximation results:

u—u S oinf Jlu—v
I nllirs S L nllLrn
dimPX(T) dim ker(j;)
k+d k+(d—1) ~~ dimension as in the fitted (DG) case
d (d—1)
A\

7y g Ny

— + E. Schlesinger,
Embedded Trefftz Trace DG Methods for PDEs on unfitted Surfaces.
Master's thesis, University of Gottingen, 2023.
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22 Summary & Outlook G

Unfitted Trefftz DG for elliptic PDEs

¥ penalty stabilisation harmonizes well with Trefftz DG (but not with Hybrid DG)
= Embedded Trefftz DG and aggregated FEM/DG are similar in virtue

= impose other conditions (interface / boundary) into space generically?
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8% Summary & Outlook G

Unfitted Trefftz DG for elliptic PDEs
¥ penalty stabilisation harmonizes well with Trefftz DG (but not with Hybrid DG)
Embedded Trefftz DG and aggregated FEM/DG are similar in virtue

%) impose other conditions (interface / boundary) into space generically?

Unfitted Trefftz DG for surface PDEs

@ Projected normal gradient stabilisation keeps dofs at the surface

7/ Reduce dimension of FESpace to surface dimension (3D — 2D, 2D — 1D)

= Combine —Arv = 0 with nr - Vv = 0 in one Trefftz space? (3D — 1D, 2D — 0D)
(possibly with relaxations to avoid locking )

¥ Vector-Laplace/Stokes: —Lrv =0, np - Vv =0 and v - nr = 0 in one Trefftz space?
(possibly with relaxations to avoid locking &} ) (3D — 1D, 2D — 0D)
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¥ penalty stabilisation harmonizes well with Trefftz DG (but not with Hybrid DG)
Embedded Trefftz DG and aggregated FEM/DG are similar in virtue

impose other conditions (interface / boundary) into space generically?

Unfitted Trefftz DG for surface PD

@ Projected norm e surface

osurface dimension

xrv = 0 with np - Vv = 0 in one Trefftz space?
(possibly with relaxations to avoid locking &)

(3D — 2D, 2D — 1D)
(3D — 1D, 2D — 0D)

Vector-Laplace/Stokes: —Lrv =0, np - Vv =0 and v - nr = 0 in one Trefftz space?

(possibly with relaxations to avoid locking ! ) (3D — 1D, 2D — 0D)
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