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Incompressible flows

€}

9 s _ .
it div(—vVutugu) * Ve =] - 2, + initial / boundary cond.
diveu =0 1in Q.

Num. challenges:

e Structure-

e Convection

preservation

domination

indoor simulation! turbulence? flows on surfaces®

Kelvin-Helmholtz instability*

L yith R. Gritzki, M. Résler & C. Felsmann, TU Dresden

2with N. Fehn, M. Kronbichler (TU Miinchen), G. Lube & P.W. Schroeder (Uni Géttingen)

3with P.L. Lederer & J. Schéberl (TU Wien) & T. Briiers & M. Wardetzky

4with V. John (WIAS Berlin), P.L. Lederer, J. Schéberl (TU Wien), G. Lube, P.W. Schroeder (U. Gé.)
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Moving domain problems® @\

T

Num. challenges:

‘e geometry
tracking/capturing

' e time integration

e flexibility & robustness
w.r.t. geom. changes
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5ith Reusken (Aachen), Olshaniskii (Houston), Massing (Trondheim), Preuf (UCL), v.Wahl (Jena)
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Computational Helioseismology® @\

CRC 1456
MATHEMATICS
OF EXPERIMEN

p(—iw+1u-V 4 Qx)2E—(V+q)(pc? (div +q-)€)—iypwé + ..(compact).. =s in Q.

L Num. challenges:
102
251 e indefinite
+10-3 System
E e high resolution
5 quo 2 demands
e highly varying
L 11011 .
! 10 coefficients
ol ‘ ‘ ‘ Y e domain truncation
0.992 0.996 1 1.0033 10 (reﬁections)
Velocity (km/s) r [solar radius]
o .
dopplergram p: density & c¢: sound speed

6 with T. Hohage, M. Halla & T. van Beeck (Uni Gottingen) D. Fournier & L. Gizon (MPS Gottingen)
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p(—iw+1u-V 4 Qx)2E—(V+q)(pc? (div +q-)€)—iypwé + ..(compact).. =s in Q.

igh resolution

demands
e highly varying
coefficients
e domain truncation
0-996 (reflections)
Velocty (ean/e) 7 [solar radius] .

dopplergram p: density & c¢: sound speed

6 with T. Hohage, M. Halla & T. van Beeck (Uni Gottingen) D. Fournier & L. Gizon (MPS Gottingen)
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The Roles of Unknowns in Conforming FEM: A Local-Global Splitting
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Finite Element Discretizations (with some simplifications) @\

Generic linear PDE problem

Lyu=/! in Q) +b.c.
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Finite Element Discretizations (with some simplifications) @\

Generic linear PDE problem

Lyu=/! in Q) +b.c.

Continuous ~ discrete variational formulation
Find u €V ,st. ¢ (u,v) =/L(v) VYo eW, V, W Hilbert spaces.
$ $ $

Find u,€ V), st ap(up, vp) = (p(vp) Y o€V5, V), finite dimensional Hilbert space.
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Finite Element Discretizations (with some simplifications) @\

Generic linear PDE problem

Lyu=/! in Q) +b.c.

Continuous ~ discrete variational formulation
Find u €V ,st. ¢ (u,v) =/L(v) VYo eW, V, W Hilbert spaces.
$ $ $

Find u,€ V), st ap(up, vp) = (p(vp) Y o€V5, V), finite dimensional Hilbert space.

Design choices in a FE discretization

m How to choose V7
m How to choose (-, ), f()?

m solvers, preconditioners, implementation, ...
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Domain decomposition into a mesh of simple elements
e @

h : diameter of largest element

Approximation -

m With element-wise polynomials of degree k we ideally obtain

h k
nf = ol S (3) Nl

m Convergence in h and/or k possible.

m If regularity permits, increasing k& should be prefered over decreasing h.
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The construction of finite elements: The conforming way (V) C V@\

e Pick a polynomial space on each element

Polynomial on one element

b

T

~
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The construction of finite elements: The conforming way (V) C V@\

e Pick a polynomial space on each element e Add constraints at element interfaces

Polynomial on one element Here: continuity (V = H'(Q2))

A&

b

T

—_ N

Vi={ve C(Q) |ulrc PX(T)} c V=H(Q)
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The construction of finite elements: The conforming way (V) C V@\

e Pick a polynomial space on each element e Add constraints at element interfaces

Polynomial on one element Here: continuity (V = H'(Q2))

A&

b

T

—_ N

Vi={ve C(Q) |ulrc PX(T)} c V=H(Q)

Realization through splitting of dofs / basis functions

m interior basis fcts. (bubbles) vanish on skeleton (local dofs)
O: local dof

m shared dofs are shared on element interfaces (skeleton)
®: shared dof
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Higher Order Methods @\

m The approximation error per dof is smaller

m But the costs per dof increase as sparsity decreases
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Higher Order Methods

m The approximation error per dof is smaller

m But the costs per dof increase as sparsity decreases
Simple illustration

Low order / small k High order / large &

O(1) dofs per geom. entity (kjgd) ~ O(k?) dofs per geom. entity

k=1

k=3
O(1) couplings per dof (’”d

"%) ~ O(k?) couplings per dof
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Different Roles of Unknowns in Continuous Scalar FEM
Unknowns scale with O(k?) (w.r.t. k), but

m clement local dofs scale with O(k?),
but only couple locally

m only O(k%"1) dofs on the skeleton
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Different Roles of Unknowns in Continuous Scalar FEM
Unknowns scale with O(k?) (w.r.t. k), but

m clement local dofs scale with O(k?),
but only couple locally

Decompose FE space into
m globally coupled/skeleton parts and

m local parts:

triangular mesh sparsity pattern for k=5
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Different Roles of Unknowns in Continuous Scalar FEM
Unknowns scale with O(k?) (w.r.t. k), but

m clement local dofs scale with O(k?),
but only couple locally

Decompose FE space into
m globally coupled/skeleton parts and

m local parts:

Vi=Ty® Ly
) ‘ Apr AL ur\ _ (fr
triangular mesh sparsity pattern for k =5 A oA ) L) =3
Arr : O(k*?=2) entries
Apr, Ar: O(K?%71) entries
App : O(k?¢ ) entries, block diagonal

Tuning the Role of Unknowns in Higher Order Finite Element Methods — C. Lehrenfeld 8/ 32



Static condensation for conforming FEM @\

Simple calculation yields (Aiﬁ is cheap to form)

Ay Ar\ (I Ap Af S 0 I 0N .0 a4 1
(AM‘ Am) a (0 I 0 A \Aj Ay T with § = Apr — Am Ay Air

Costs for solving linear systems:
m Global solution with S (O(k%~1 - #7;) dofs) (and setup)
m Setup and application of Ay =1 (#7, times O(k?) dofs; parallelizable)
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Static condensation for conforming FEM @\

Simple calculation yields (Aiﬁ is cheap to form)

Ay Ar\ (I Ap Af S 0 I 0N .0 a4 1
(AM ALLL>_<O I 0 A \Aj Ay T with § = Apr — Am Ay Air

Costs for solving linear systems:
m Global solution with S (O(k%~1 - #7;) dofs) (and setup)
m Setup and application of Ay =1 (#7, times O(k?) dofs; parallelizable)

Summary:

Static condensation allows to exploit a local-global dof splitting
~ increases efficiency 4’ of higher order conforming FEM
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Unknowns in Non-conforming FEM (DG)
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Non-conforming (Discontinuous Galerkin) FEM @\

Lu={in Q C R? + boundary conditions.
A typical standard DG discretization (Vj, = P*(T,) ¢ V):

Find uy, € IP”“(771)7 s.b. ap(un, vp) = €n(vp) Yy, € ]P’k(ﬁ)

with disconnected polynomial spaces P¥(K). Regularity is imposed weakly through as(-, ).

A A 2
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Non-conforming (Discontinuous Galerkin) FEM @\

Lu={in Q C R? + boundary conditions.
A typical standard DG discretization (Vj, = P*(T,) ¢ V):

Find u, € ]P’k(ﬁ), s.b. ap(un, vp) = €n(vp) Yy, € ]P’k(ﬁ)

with disconnected polynomial spaces P¥(K). Regularity is imposed weakly through as(-, ).

A A 2

Motivation for DG (instead of continuous Galerkin)

Exploiting flexibility for ...
m ... conservation properties (test function xx)
m ... simple stability mechanism for non-symm./non-lin. problems (e.g. convection)
m ... simplicity of data structures / space construction (polygonal meshes)

m ... local bases, block diagonal mass matrices, ...
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Example: Standard DG for Poisson (Symm. int. pen. DG) @\

Lyu=—Au=/{in Q, ¢g= uon IN.
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Example: Standard DG for Poisson (Symm. int. pen. DG) @\

Lu=—-Au=/inQ, ¢g= u on Of.

DG discretization
Find uy, € IF"“(Th), s.t. an(un, vn) = €n(vr) Yo, € Pk(ﬂ) with

consistency symmetry stability
/—’\—
(u,v) Z/ VuVo dz + Z / —{Oau}v] —{Onv}u] + ap’h [u][v] ds
FeFy, int
+ / —Ont UV —Onv u + ap h v ds
FE]‘—hbnd
Z/fvdz—i— Z / —Onv 4+ ap’h” M) g ds.
FeFy, bnd

Communication between neighbors with average ({-}) and jump ([-]) across facets.
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Solving linear systems with DG

Issues of DG methods (compared to CG)
I\ Breaking up continuity ~» more unknowns (dofs)

I\ Essentially all element dofs couple with all neighbor dofs
~» even more couplings, i.e. more non-zero entries (nzes)

A

= No local-global splitting ~~ no static condensation
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Solving linear systems with DG

Issues of DG methods (compared to CG)
I\ Breaking up continuity ~» more unknowns (dofs)

I\ Essentially all element dofs couple with all neighbor dofs
~» even more couplings, i.e. more non-zero entries (nzes)

A

= No local-global splitting ~~ no static condensation

Remedies to re-introduce a local-global splitting?
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Hybridization and a Local-Global Splitting for DG methods
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Hybridization of DG methods: The concept

m add discontinuous facet (skeleton) unknowns Ay
m avoid direct communication between elements (O(k?) ¢ O(k?))

m communication between clement dofs and facet dofs instead (O(k?) «~ O(k971))

m apply static condensation

7B. Cockburn, J. Gopalakrishnan, R. Lazarov, Unified hybridization of [dG], [...] for [2nd] order elliptic problems. SINUM, 2009
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Hybrid DG in primal formulation (Hybrid Symm. int. pen. DG) @\

Lyu=—Au=/in Q, ¢g= uon .

HDG discretization
Find u, = (un, M) € PH(T0) x Fi p(Fn), st an(uy, v,) = La(v,) Vo, = (vn, pn) € PX(Th) X Ff o(Fa)
with Ff(Fy) = {v e L*(F) | v|r € P*(F) VF € F,}, and

7B, Cockburn, J. Gopalakrishnan, R. Lazarov, Unified hybridization of [dG], [...] for [2nd] order elliptic problems. SINUM, 2009
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Hybrid DG in primal formulation (Hybrid Symm. int. pen. DG) @\

Lyu=—Au=/in Q, ¢g= uon .

HDG discretization
Find u, = (un, M) € PH(T0) x Fi p(Fn), st an(uy, v,) = La(v,) Vo, = (vn, pn) € PX(Th) X Ff o(Fa)
with Ff(Fy) = {v e L*(F) | v|r € P*(F) VF € F,}, and

an(uy,v,) = Y /K VurVu, de+ / —Onun[v,] —Onvilwy] + ap’h [w, ][] ds
—_——

KET), E— -
consistency symmetry stability

Li(v,) = Z /Kfvh dx

KET;,

[up] = up, — Ap : jump between el. trace & facet function.

7B, Cockburn, J. Gopalakrishnan, R. Lazarov, Unified hybridization of [dG], [...] for [2nd] order elliptic problems. SINUM, 2009
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Hybrid DG in primal formulation (Hybrid Symm. int. pen. DG) @\

Lyu=—Au=/in Q, ¢g= uon .

HDG discretization
Find u, = (un, \n) € PX(T0) x Fi p(Fu), st. an(uy,v,) = a(v,) Yo, = (o, ) € P*(Th) x Fio(Fn)
with Ff(Fy) = {v e L*(F) | v|r € P*(F) VF € F,}, and

an(uy, v,,) = Z /KVU;,VU;L dx—l—/aK —Onunv,] —Onvnlu,] + ap’h u,][v,] ds
—_———— ————

KeTy,

Ofv,) = /Kf'Uh dz

KET;,

consistency symmetry stability

[up] = up, — Ap : jump between el. trace & facet function.
no "DG jump” and no average across facets ~» communication stays local.

7B, Cockburn, J. Gopalakrishnan, R. Lazarov, Unified hybridization of [dG], [...] for [2nd] order elliptic problems. SINUM, 2009
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Hybrid DG: static condensation for DG

iy \-._.. T
" ! HIII ...
I ‘\ ! HI ..
| " " ..'-._..
R "
‘ \I ! [} .....
. \‘I' II"IH a,
(primal) DG " (primal) Hybrid DG HDG
2D, k=8 2D, k=8 (cond.)

Hybridization allows to re-introduce static condensation in DG formulations.

omm G

Dominating costs depend on skeleton dofs: O(k4~1). — further tuning possible.

SC.L., J. Schéberl, High order exactly divergence-free [HDG] methods for unsteady incompressible flows, CMAME, 2016.
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Hybrid DG: static condensation for DG

\ij

" (primal) Hybrid DG HDG
(p 2%) e (cond.)

¢ Hybridization allows to re-introduce static condensation in DG formulations.

I Dominating costs depend on skeleton dofs: O(k1). — further tuning possible.

{5, Applicable to most DG discretizations ~ key for efficiency of H(div) flow solvers®.

SC.L., J. Schéberl, High order exactly divergence-free [HDG] methods for unsteady incompressible flows, CMAME, 2016.
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Trefftz-like DG Methods
Classical Trefftz DG Methods
Generalizations: Embeddings and a Local-Global Splitting
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Classical Trefftz DG Methods

Conclusion & Outlook
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Reduction of global dofs using Hybrid Trefftz DG @\

Alternative to Hybridization

So far: reduce globally coupled dofs by static condensation
@ Goal of classical Trefftz DG: reduce all dofs, s.t.

m approximation (order) is preserved
m (all) ndofs: O(k?) ~ O(K?1)

= How?
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Reduction of global dofs using Hybrid Trefftz DG

Alternative to Hybridization

So far: reduce globally coupled dofs by static condensation
@ Goal of classical Trefftz DG: reduce all dofs, s.t.

m approximation (order) is preserved
m (all) ndofs: O(k?) ~ O(K?1)

=) How?

¢ Trefftz DG idea:

m Replace full polynomial spaces
m Use element-local PDE solutions

m Exploit flexibility of DG (no continuity dofs required)

Tuning the Role of Unknowns in Higher Order Finite Element Methods — C. Lehrenfeld
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Example: Trefftz DG for Laplace’ @\

Lyu=—-Au=0in ), wu=gon Q.

DG discretization

Find u, € ]P)k(']-}l), s.t. ah(uh, ’Uh) = éh(vh) Yo, € ]P’k('Th) with
ap(u, v) = ZK:/KVUV'U dz + Z /Ffﬁanu}[[v]] —{Onv}u] + ak”h” [u][v] ds+ bnd.

FeF)int

9R. Hiptmaier, A. Moiola, I. Perugia, C. Schwab, Approz. by harmonic polynomials [..] of Trefftz hp-dGFEM, ESAIM, 2014
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Example: Trefftz DG for Laplace’ @\

Lyu=—-Au=0in ), wu=gon Q.

DG discretization
Find wy, € ]P’k('Th), s.t. ap(un, vr) = €r(vp) Yo, € ]P’k('Th) with

ap(u, v) = Z/KVqu dz + Z /Ffﬁanu}[[v]] —fOnv}u] + ak’h u][v] ds+ bnd.

FeF)int

Trefftz DG discretization
T*(T) == ker(—A) = {v € P¥, Lv =0 (pointwise) on each K € T} C P*(T3).

Find ur € T*(T3), s.t. ap(ur, vr) = £,(vr) Yor € T*(T3).

9R. Hiptmaier, A. Moiola, I. Perugia, C. Schwab, Approz. by harmonic polynomials [..] of Trefftz hp-dGFEM, ESAIM, 2014
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Reduction of computational costs (Laplace)

Counting of ndofs (triangular mesh, £ = —A)
s N= dim(Pk) =#T;, - mlgﬂ O(kd)

= L = dim(range (z)) = PF2(Ty) = #T5 - Y5HE Ok,
m M = dim(T*(73)) = dim(ker (£)) = N — L #Tn - (2k+1) ~ O(k%1)

\\\ e: global dof
o 0: Jocal dof
% removed dof

Hybrid DG standard DG Trefftz DG

Trefftz DG achieves reduction O(k?) ~ O(k% 1) (for all dofs)!

Tuning the Role of Unknowns in Higher Order Finite Element Methods — C. Lehrenfeld
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Trefftz DG coupling pattern @\

Trefftz DG (2nd order PDE)
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Difficulties with classical Trefftz DG methods

Disadvantages and limitations

@ New basis for each diff operator £ / PDE
Conditioning often problematic
X Not (directly) suitable for inhomogeneous equations f # 0
X Not (directly) suitable for non-constant coefficients, e.g. £ = div(aV-)

Tuning the Role of Unknowns in Higher Order Finite Element Methods — C. Lehrenfeld
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Difficulties with classical Trefftz DG methods

Disadvantages and limitations

@ New basis for each diff operator £ / PDE
Conditioning often problematic
X Not (directly) suitable for inhomogeneous equations f # 0
X Not (directly) suitable for non-constant coefficients, e.g. £ = div(aV-)

So far: Method not flexible, used only in special cases

? & Can we turn Trefftz into a general purpose tool ¥ ?
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Trefftz-like DG Methods
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Conclusion & Outlook
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Construction of a Trefftz Embedding in DG space @\

Avoid setting up Trefftz basis from scratch! T#(7;,) CP*, M =dim(T*) < dim(P¥)=N

IOC.L., P. Stocker. Embedded Trefftz Di. i s Galerkin methods. IJNME, 2023.
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For any basis {t;} we have ¢; € P*(T;) = ;= Zf;l Tiips, j=1,.., M, for T € R"*M,
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Construction of a Trefftz Embedding in DG space @\

Avoid setting up Trefftz basis from scratch! T#(7;,) CP*, M =dim(T*) < dim(P¥)=N

For any basis {t;} we have ¢; € P*(T;) = ;= Zf;l Tiips, j=1,.., M, for T € R"*M,
Let £ :P*(T;) — @, with Q, = X Qg = span{@;};=1, . Then with
KeTy,
(W)Z] = wh(¢j799i) = Z <£¢J7@Z|K>v 1= 17 LR Lv ] = ]-7 ey N=T- RM — keI<W)
KeT,

IOC.L., P. Stocker. Embedded Trefftz Di. tinuous Galerkin methods. IJNME, 2023.
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Construction of a Trefftz Embedding in DG space @\

Avoid setting up Trefftz basis from scratch! T#(7;,) CP*, M =dim(T*) < dim(P¥)=N

For any basis {t;} we have ¢; € P*(T;) = ;= Zf;l Tiips, j=1,.., M, for T € R"*M,
Let £ :P*(T;) — @, with Q, = X Qg = span{@;};=1, . Then with
K€7-h
(W) = wn(djo00) = Y (Lo pilk), i=1.....L, j=1,...,N=T R" = ker(W).
KeT,

Compute ker (W) numerically by SVD (or QR):

T
‘ ‘ ‘ ‘ N B
oL — v —
amW=|w, ... W, Wr41... Wpn | . s
‘ ‘ ‘ ‘ 0 o
o)\ v
10

C.L., P. Stocker. Embedded Trefftz Di. tinuous Galerkin methods. IINME, 2023.
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Construction of a Trefftz Embedding in DG space @\

Avoid setting up Trefftz basis from scratch! T#(7;,) CP*, M =dim(T*) < dim(P¥)=N

For any basis {t;} we have ¢; € P*(T;) = ;= Zf;l Tiips, j=1,.., M, for T € R"*M,
Let £ :P*(T;) — @, with Q, = X Qg = span{@;};=1, . Then with
K€7-h
(W)Z] = wh(¢j799i) = Z <£¢17@Z|K>7 1= 17 LR Lv ] = ]-7 ey N=T- RM — keI(W)
KeT,

Compute ker (W) numerically by SVD (or QR):

T
‘ ‘ ‘ ‘ N B ‘ ‘
oL — v —
amW=|w, ... W, Wr41... Wpn | . g ~~T= vippr ..o vy
‘ ‘ ‘ ‘ 0 o ‘ ‘
o)\
10

C.L., P. Stocker. Embedded Trefftz Di. tinuous Galerkin methods. IINME, 2023.
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Construction of a Trefftz Embedding in DG space @\

Avoid setting up Trefftz basis from scratch! T#(7;,) CP*, M =dim(T*) < dim(P¥)=N

For any basis {t;} we have ¢; € P*(T;) = ;= Zf;l Tiips, j=1,.., M, for T € R"*M,
Let £ :P*(T;) — @, with Q, = X Qg = span{@;};=1, . Then with
K€7-h
(W)Z] = wh(¢j799i) = Z <£¢17@Z|K>7 1= 17 LR Lv ] = ]-7 ey N=T- RM — keI(W)
KeT,

Compute ker (W) numerically by SVD (or QR):
T
LT .

oy .—Vg—

mW=|Wi... W, Wrq1... Wn g
0 7VL.+1 E—

~T= vigr ... vy

N I\ ) L

= Computations element-by-element (and in parallel), W block-diagonal, orthogonal T-columns
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Setup of Embedded Trefftz DG linear systems @\

Standard DG setting matrix/vector
(A)ZJ = a’h(¢j7¢i) Za] = 17 B Na (eh)’t = gh(éz) 1= 1a ey N
Embedded Trefftz DG linear algebra (example with & = 5)

A = TT ' A ' T

A wr =TTAT wr = T7¢,,. (assembly still element-by-element / facet-by-facet)

IOC.L., P. Stocker. Embedded Trefftz Di. tinuous Galerkin methods. IJNME, 2023.
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Benefits of Embedded Trefftz DG A

So far:
Embedded Trefftz DG is (merely) an implementation trick for existing polynomial Trefftz.
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Benefits of Embedded Trefftz DG A

So far:
Embedded Trefftz DG is (merely) an implementation trick for existing polynomial Trefftz.

Next:
Claim: Embedded Trefftz DG ...

1. ... inherites conditioning properties from DG scheme ( rp(A) = ko(TTAT) < ko(A).)
2. ... allows to treat inhomogeneous PDEs

3. ... allows to conveniently implement weak Trefftz spaces
~ treat PDEs where no (suitable) polynomial Trefftz spaces exists
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Re-introduce local dofs to Trefftz DG @\

eo: global dof
0: local dof
xG removed dof

classical Trefftz "new” Trefftz

11

120.14., P. Stocker, I. Voulis. A wnified framework for Trefftz-like discretization methods, in preparation, 2024
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Re-introduce local dofs to Trefftz DG @\

>
eo: global dof
0: local dof
xG removed dof
classical Trefftz "new” Trefftz

Space decomposition V, = P*(T,) = T, @ LL;, with (for a suitable space Q)
m Lur =0 (in @) for all ur € T;,  ((classical) Trefftz functions)

m L:L;, — Q) bijective (local functions, solve for inhomogeneous r.h.s.)

11A4 Lozinski. A primal [dG] method with static condensation on very general meshes., Numerische Mathematik, 2019

12,

.L., P. Stocker, I. Voulis. A unified framework for Trefftz-like discretization methods, in preparation, 2024
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Example: Trefftz DG for Poisson @\
Lu=—-Au=finQ, u=gondN.
DG discretization

Find uy, € IF"“('Th) s.t. an(un, vn) = €n(vr) Yo, € Pk(ﬂ) with
/ VuVu dz + Z / —{Onu}[v] —{Onv}[u] + ak®h [u][v] ds+ bnd.

FeF,int

IQC.L., P. Stocker, I. Voulis. A wnified framework for Trefftz-like discretization methods, in preparation, 2024
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Example: Trefftz DG for Poisson @\
Lu=—-Au=finQ, u=gondN.
DG discretization
Find w, € P¥(T2), s.t. an(un, vn) = €n(vp) Yy, € Pk(ﬂ) with

(u,v) Z/ VuVu dx + Z / —{Onu}[v] —{Onv}[u] + ak®h [u][v] ds+ bnd.

FeF,int

Trefftz DG discretization with P* = T), ® Lj,, Q) = P*2 = —AP*

We search for u;, € P*(Ty,) with u, = ur + ur, where

ur € Tp, := {v € PX(Ty), —Av=0in Q,} = {v € P*(T), —Av =10 on each K € T,} € P*(T3),

w, € Ly, : complementary space to T), with — A : L, — P¥2 = = ()}, bijective (element-wise).
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Example: Trefftz DG for Poisson @\
Lu=—-Au=finQ, u=gondN.
DG discretization

Find uy, € IF"“(Th) s.t. an(un, vn) = €n(vr) Yo, € Pk(ﬂ) with
(u,v) Z/ VuVu dx + Z / —{Onu}[v] —{Onv}[u] + ak®h [u][v] ds+ bnd.

FeF,int

Trefftz DG discretization with P* = T), ® Lj,, Q) = P*2 = —AP*

We search for u;, € P*(Ty,) with u, = ur + ur, where

ur € Tp, := {v € PX(Ty), —Av=0in Q,} = {v € P*(T), —Av =10 on each K € T,} € P*(T3),
w, € Ly, : complementary space to T), with — A : L, — P¥2 = = ()}, bijective (element-wise).

We set u,= (—A

L) '(II"2f) and solve the remaining homogenized Trefftz problem:

Find ur € Ty, s.t. ap(ur, vr) = €p(vr) — ap(ur, vr) Yor € Ty,.

120.14., P. Stocker, I. Voulis. A wnified framework for Trefftz-like discretization methods, in preparation, 2024
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Rewrite as Block System with a Local-Global splitting @\

Arp  App  (ur) _ (fr
A AL ur, o

m A7 =0 (globally coupled part does not influence local solution)

AL = —A|L,ﬁ(%’ (element-wise decoupled, can be solved for in parallel)
b, =1lg,f

Arpr, Arpp, and f1 are the globally coupled DG parts.

Large linear systems only have to be solved for T}, part (O(k?~!)dofs)

m Implementation of local solutions can reuse local SVD decomposition of W (wp(-,-))

IQC.L., P. Stocker, I. Voulis. A wnified framework for Trefftz-like discretization methods, in preparation, 2024
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Rewrite as Block System with a Local-Global splitting @\

Arp  App  (ur) _ (fr
AILT A]L]L ur, EL

m A7 =0 (globally coupled part does not influence local solution)

AL = —A|L,ﬁ(%’ (element-wise decoupled, can be solved for in parallel)
b, =1lg,f

Arpr, Arpp, and f1 are the globally coupled DG parts.

Large linear systems only have to be solved for T}, part (O(k?~!)dofs)

m Implementation of local solutions can reuse local SVD decomposition of W (wp(-,-))

~~ Implementation for inhomogeneous problems

IQC.L., P. Stocker, I. Voulis. A wnified framework for Trefftz-like discretization methods, in preparation, 2024
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Non-polynomial Trefftz spaces @\

Many problems don’t have suitable polynomial Trefftz spaces
Examples: L=-A+1d, L=-A+4+b-V, L=—-div(aV-), a not constant

130. J. Gittelson, R. Hiptmair, and I. Perugia, Plane wave [dG] methods: Analysis of the h-version, ESAIM:M2AN, 2009
14

L.-M. Imbert-Gérard, A. Moiola, P. Stocker, A space-time quasi-Trefftz DG [...], Math. Comp., 2023
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Non-polynomial Trefftz spaces @\

Many problems don’t have suitable polynomial Trefftz spaces
Examples: L=-A+1d, L=-A+4+b-V, L=—-div(aV-), a not constant

How to do Trefftz in these cases?!3:14

Weak Trefftz condition (the L? version)'
Now, we relax the condition by choice of Qp, (), = LP*(7;,) recovers "strong” Trefftz).

= Weak Trefftz space:  T*(T;,) = {v € P*(T3) | 1o, Lv = 0}
with IIg, the L? projection into Q.

13
14
10
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Non-polynomial Trefftz spaces @\

Many problems don’t have suitable polynomial Trefftz spaces

Examples: £L=—-A+Id, L=-A+b-V, L=—div(aV-), a not constant
How to do Trefftz in these cases?!3:14

Weak Trefftz condition (the L? version)'
Now, we relax the condition by choice of Qp, (), = LP*(7;,) recovers "strong” Trefftz).

= Weak Trefftz space:  T*(T;,) = {v € P*(T3) | 1o, Lv = 0}
with IIg, the L? projection into Q.

~~ Implementation for non-polynomial Trefftz spaces

13
14
10

C. J. Gittelson, R. Hiptmair, and I. Perugia, Plane wave [dG] methods: Analysis of the h-version, ESAIM:M2AN, 2009
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Stability analysis of Embedded Trefftz DG @\

We solve for u;, = ur + u.: Find u;, € V), s.t.

Bp(un, (qn, vr)) == (Lup, qn) + an(un, vr) = (f, qn) + Lu(vn) Y (qn, o) € Qn x Th.
————
(Brtr=Lour, qn)

12C.L., P. Stocker, I. Voulis. A wnified framework for Trefftz-like discretization methods, in preparation, 2024

inf-sup stability suffices
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Stability analysis of Embedded Trefftz DG @\

We solve for u;, = ur + u.: Find u;, € V), s.t.

Bp(un, (qn, vr)) == (Lup, qn) + an(un, vr) = (f, qn) + Lu(vn) Y (qn, o) € Qn x Th.
————

Assume: (L Lour, qn)

m local stability: [|Luwl[q ~ [lul[n, w € Ly
m coercivity® on Tp: ap(ur, ur) > allur||?, ur € Ty,
m continuity: ap(uL, ur) < Bl|uLlnllurlln < Bl[Luwl g [lur|ln

12C4L., P. Stocker, I. Voulis. A wnified framework for Trefftz-like discretization methods, in preparation, 2024

inf-sup stability suffices
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Stability analysis of Embedded Trefftz DG @\

We solve for u;, = ur + u.: Find u;, € V), s.t.

Bp(un, (qn, vr)) == (Lup, qn) + an(un, vr) = (f, qn) + Lu(vn) Y (qn, o) € Qn x Th.
————

Assume: (L Lour, qn)

m local stability: [|Luwl[q ~ [lul[n, w € Ly
m coercivity® on Tp: ap(ur, ur) > allur||?, ur € Ty,
m continuity: ap(uL, ur) < Bl|uLlnllurlln < Bl[Luwl g [lur|ln

Choosing ¢, = YR, Lur, and vr = ur yields

By (un, (qn, vr)) = Bu(un, (YR, Lur, ur)) = v(Lur, Rg, Lur) + ap(ur, ur) + ap(uL, ur)
62
> || L, ||2/ + allur||f — BllurllnllLullg > (v — *)H/JUH ||2' ||UT||%L

1
2
2 I cully + el 2 (12wl + luell?)™ 1o o)l Quer,

= |lunln

12C4L., P. Stocker, I. Voulis. A wnified framework for Trefftz-like discretization methods, in preparation, 2024

inf-sup stability suffices
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A priori error estimates of Embedded Trefftz DG @\

(Classical Trefftz DG0-16

Classical Trefftz DG estimates are of the form

lu—unlln < inf [Jlu—vplln
v €T+,

with ui € Vj, a particular solution to Luy, ~ [ and the need to construct a suitable
interpolation in the Trefftz space (often averaged Taylor polynomials).

Theorem?!?
From stability (last slide), consistency and continuity we obtain (Céa):

_ < s .
lu— unln < wlgf/h lu—vnlln

Method exploits local/global splitting, but approximation problem is on the whole space.

10
12
16

C.L., P. Stocker. Embedded Trefftz Discontinuous Galerkin methods, IINME, 2022
C.L., P. Stocker, I. Voulis. A unified framework for Trefftz-like discretization methods, in preparation, 2024
C.L., P. L. Lederer, P. Stocker, Trefftz [DG] discretization for the Stokes problem, Numerische Mathematik, 2024
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Trefftz DG for scalar PDEs @\

Br - Vu

B-Vu+~yu=f in{ ~» "prototype” operator Ly

—div(aVu)+ (8- VIu+yu=f in ~- "prototype” operator Lx = —axAu

advection-reaction diffusion-advection-reaction
——— R R e
107t a
1072 a
—4 | N .
5 10 5 ol | We obtain
¥ R optimal a priori
R | = . error estimates
10 (as for DG)
1070 a0 91717-d] 10~ s
10° 107! 10° 107"
h h
O T 4P -@-T -4-P-@-T -4 -FP° —— O(h* %)~ - - OR*") for k=3,4,5
12

C.L., P. Stocker, I. Voulis. A wnified framework for Trefftz-like discretization methods, in preparation, 2024
Tuning the Role of Unknowns in Higher Order Finite Element Methods — C. Lehrenfeld 30/ 32



Outline @\

Conclusion & Outlook
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22 Summary @\

#{ Embedded/Weak Trefftz DG as a general purpose discretization:

@ inhomogeneous r.h.s.
@ PDE operators with non-polynomial kernels (e.g. non-constant
coefficients)

@ Vectorial and mixed PDE problems (Stokes [%4)
i, Computational costs (sparsity) similar to Hybrid DG
¥ Combines naturally with some stabilizations (e.g. ¥ -penalty)

Allows reducing FE space locally w.r.t. other constraints (tang.)

. Advantages for polytopal meshes
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.7 Outlook @\

-) time-dependent PDEs (with time-stepping; e.g. Navier-Stokes)

—~—

=] nonlinear PDEs (stationary Navier-Stokes) #

2% conforming Trefftz methods ##%
(generic basis fcts. through "moments” and kernel property)
@ Implementation of C' elements (e.g. Argyris) in a generic framework
@ (relaxed) H(div)-conforming Stokes-Trefftz
@ ' clements with local bubbles ”eliminated the Trefftz way”
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.7 Outlook @\

-) time-dependent PDEs (with time-stepping; e.g. Navier-Stokes)

=] nonlinear PDEs (stationary Navier-Stokes) #.

(div)-conforming Stokes—Trefftz
[ ] H ! elements with local bubbles "eliminated the Trefftz way”
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Back-Up Slides A

@ Comparison algorithmic complexity: DG-HDG-Trefftz DG
@ Sparsity comparison on polytopal meshes
@ Trefftz DG for Stokes
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Algorithmic complexity: A rough comparison @\

m direct solver m Ny :=#T,~h™% m k-scaling (no constants)
Embedded
Costs: Standard DG~ Trefftz DG Trefftz DG Hybrid DG
Vector representation:
total ndofs stored ~ Nk ~ Ngkd=1 ~ Ngk¢ ~ Nek?
globally coupled ndofs ~ Ngk® ~ Ny k=1 ~ Ngkd—1 ~ Ny k1
Additional costs: Setup T: static cond.:
o o ~ Nelde ~ Nclkgd
Global linear systems:
global matrix A A TTAT S
nzes ~ NelkJQd ~ Nelk?2d72 ~ Ne1k2d72 ~ Nelk2d72
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Sparsity comparison: on (periodic) triangles @\

ndofs/ # Tn nzes/ # Th
102 T T T 10° F T T T
10* |
3
10! 10 E
10?

1 2 4 6 8 10

17(3.L.7 P. Stocker, M. Zienecker, Sparsity comparison of polytopal finite el t thods, PAMM 2024
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Sparsity comparison: on (periodic) quadrilaterals @\

ndofs/ # Tn nzes/ # Th
10°

102 T

10!

17(}.L,, P. Stocker, M. Zienecker, Sparsity comparison of polytopal finite el t thods, PAMM 2024
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Sparsity comparison: on (periodic) hexagons @\

ndofs/ # Tn nzes/ # Th
102 T T T T 10°

10*

10®
10!

102

—e— HHO | | .

(0] 1 L VEM 10
10

1 2 4 6 8 10 1
k k
17c.L., P. Stocker, M. Zienecker, Sparsity comparison of polytopal finite el t methods, PAMM 2024
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Sparsity comparison: on (periodic) tetrahedra @\

ndofs/ # Tn nzes/ # Ti
10°

10®

10° £
102 5 i
1 10 F
AR Z—at
10 - E 10® 5
—e— DG | | §
—=—TDG:> | | 10?
10 —A—TDG; | |
—— HDG | o
—a&— HHO 1 10t
C | | VEM : ] | | | |
1 2 4 6 8 10 1 2 4 6 8 10
k k
17C.L., P. Stocker, M. Zienecker, Sparsity comparison of polytopal finite el t thods, PAMM 2024
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Sparsity comparison: on (periodic) hexahedra @\

ndofs/ # Tn nzes/ # Ti
10°

10°

10*

10°

102

|
1 2 4 6 8 10

17
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Sparsity comparison: on (periodic) octahedra @\

ndofs/ # Tn nzes/ # Ti
10° T T T

10®

10°
102
10*

10* 10®

102

10!
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Sparsity comparison: on (periodic) truncated octahedra @\

ndofs/ # Tn nzes/ # Ti

108
10°

102

10*

10! E
1 10
‘ -~ VEM |
10°
1 2 4 [§ 8 10
k k
17C.L,, P. Stocker, M. Zienecker, Sparsity comparison of polytopal finite el t thods, PAMM 2024
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Trefftz DG for Stokes

—vAu+Vp=f inQ,
—divu =g¢ in Q.

k k
XF(Th) = [P*(Th)] " P (Ti)\R T(Tn) := {(un, pn) € Xpy | L(un, pr) = 0},
with £ : X,’f — @, (un, pr) = (—Aup + Vpp, —divuy)
10° ndofs (3D) ‘ ‘ E ncdofs (3D) ‘ : % nnzes (3D) ‘ ‘ ‘ 1
[ 1 r ] 10° E E
0} J10°¢ J10t | £
110 .
10* g E 10* g E 7
E | | | | 1 ] E | | | | 1 E 105 ; t 1 b il i i
2 4 6 8 10 k 2 4 6 8 10 & 2 4 6 8 10 &
—i- Taylor-Hood —¢— Standard DG —#— H(div)-HDG (hodc) —@— Trefftz-DG
16
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