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Preliminaries

Focus of talk

» discrete system only — no error analysis

» p-version (HDG)FEM — no h-version (no geometrical coarse grid)
> tetrahedral meshes

> log(l):=1

1/16



Hybrid DG method

Hybrid Discontinuous Galerkin (HDG) Method

Model problem

Approximate the solution of

—Au=f, u=0ondN /
on a mesh consisting of elements T and ‘“facets” F
T={T}, F={F} \

with piece-wise polynomials on elements and on facets

u€e PP(T), XePP(F)
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Hybrid DG method

Motivation
[DG] [HDG]
+ .
+ more unknowns, but less couplings,
+ less matrix entries
+ + structure allows for element-wise
assembly
+ + allows for static condensation of
element unknowns
+ -+ only polynomial spaces on T and F
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Hybrid DG method

Hybrid DG formulation for poisson

Discretization spaces

Vi := PP(T) x PP(F) .= [] PP(T) x [ P°(F)
TET FeF
with according subspace Viy o = {(u,\) € Vi : A =0 on 9Q}.

Hybrid DG formulation
Find (u,\) € Vo, sit. A(u, v, pn) = (f,v) VY (v,p) € Vo
with A(u, \; v, 1) = > ro Ar(u, A; v, 1) and

"0
Ar(u, ) V,M)::/ VuVv — gu(v—,u)f V(uf)\)+57—(uf)\,vfu)
T aT on oT On

with applied manipulations for consistency, symmetry and stability.



Hybrid DG method

Stabilization method - How to choose s(-,-)?

(Hybrid) Bassi Rebay
HBR ._ }: HBR HBR _
ST (Uf)‘avflu‘) S g /rF(Ui/\)rF(Vif‘L% a =C
T

FeFr
with C > |F7| and the discrete lifting operator rg : PP(F) — [PP(T)]? defined as

/Trp(u)v:/FW‘" Vv ePA(T)P

Norm to control jumps on facets: [l = e ()ogry. llfr = 3 Il
FeFr
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Hybrid DG method
Stability results

The HDG bilinear-form A(.,.) is continuous and coercive on (Vi o, || - ||1,HpG) with

[Ju

1% Hpe = Z HVU”%Q(T) +llu= Al 7
TeT

Essential estimate for proof:

(u—=X0-n)L,F

lu—=Alljr=sup
celpr(rp  llollm
3 n - A
[ o= < 19l s Jeonu =2
F On oetpepp ol
1 o0
< ZHVVHE(T) + S llu— )\||12,F-

2
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Hybrid DG method

Why Bassi-Rebay jump stabilization?

For F € Fr let P¥ denote the Ly(F)-orthogonal projector onto PX(F), with
P! =0. For A € PP(F) there holds

p
A F 2 b7~ plp = k+ 1) [|(P* = PX 1) X3, 6
k=0

BR is essentially weaker than IP

p 2 2 p? 2
EHU = AMLp 2 llu=AljF = THU = ML)
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BDDC Preconditioning

Schur complement

Eliminating element unknowns

The element unknowns can be eleminated element-wise before solving the linear
system.
Consider condensated problem with the Schur complement matrix A:

—
\” e ——
- facet unknowns element unknowns

Schur complement norm

Ma:= inf A3
[RYI ueg},(T)H(“ )HI,HDG



BDDC Preconditioning

BDDC for HDG, Choice of constraints

Choice for constraint, extended system

» Decomposition: A = X\ + X with \g € P°(F) and X' € PO(F)*
> )\ gets doubled and becomes element-local (static condensation)
> Set only mean value on facets to be “continuous” (*“constraint”)

discrete System preconditioner system *

IN/ 1N/

- facet mean \g - other facet unknowns element unknowns
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BDDC Preconditioning

BDDC for HDG, Communication / Averaging operator

discrete system preconditioner system ()
——— I

RT —

—
R / \ /

L=

— . — I
- facet mean \g - other facet unknowns element unknowns

Communication

Transfer between discrete system and the preconditioner system via:
> Average (averaging operator R)
» Distribute (distribution operator RT)

Take RA:= o+ X rpcr A7/ Xrper 1
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BDDC Preconditioning

BDDC algorithm

Preconditioning action Cg}, - : d — w, essential steps:

1. (Distribute residual) d. = R™(d — Aw)
. — E—
distribute / \ /
—
B —

- facet mean \g - other facet unknowns element unknowns
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BDDC Preconditioning

BDDC algorithm

Preconditioning action Cg, - : d — w, essential steps:

1. (Distribute residual) d. = RT(d — Aw)
2. (Solve global d.-problem) w, = A;1d.

AVIEWAY,

- facet mean \g - other facet unknowns element unknowns
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BDDC Preconditioning

BDDC algorithm

Preconditioning action Cg}, - : d — w, essential steps:

1. (Distribute residual) d. = R™(d — Aw)
2. (Solve global d.-problem) w, = A;1d,
3. (Average residual) w = w + Rw,

- facet mean \g - other facet unknowns element unknowns
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BDDC Preconditioning

BDDC analysis / Characterizing Cgppc = RA;IRT

Fictitious space lemma

2 __ g
||UHCBDDC - yl€n\£* H-y|

Ry=u

2
A

and thus
o{CappcA} C [L, [RI]

with the operator norm of R : V, — V

[RAl[a

IR| := sup
Al

A€ Vi

A
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BDDC Preconditioning

BDDC analysis / Characterizing Cgppc = RA;IRT

Fictitious space lemma

o = inf 115
Ry=u
and thus
o{CappcA} C [1, |IRII]
with the operator norm of R : V, — V

[RAl[a

IR| := sup
Al

A€ Vi

Only need estimate for ||R||?!

A

11/16



BDDC Preconditioning

Bounding the averaging operator

Trace (semi-)norms [ ||Al|y22 < [[N|2, ||)\||H’2 < A1)

NI =, inf IVl Hlu=Al e}

MR = inf {IVulZ,qy+lu=AlZe+ D lu—0IFr |
u€PP(T) FreFr\F
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BDDC Preconditioning

Bounding the averaging operator

Trace (semi-)norms [ ||Al|y22 < [[N|2, ||)\||H’2 < A1)

NI =, inf IVl Hlu=Al e}

MR = inf {IVulZ,qy+lu=AlZe+ D lu—0IFr |
u€PP(T) FreFr\F

Bounding R\

IRAIZ =
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BDDC Preconditioning

Bounding the averaging operator

Trace (semi-)norms [ ||Al|y2 < [[N|2, ||/\||le < [ AlIE ]

NI =, inf IVl +lu=Al e}

nt {1Vl lu=XE e+ 3 lu=0lE . }
Y F'eFr\F

Bounding R\

IRMZ = D IR

TeT

IAIIZ
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BDDC Preconditioning

Bounding the averaging operator

Trace (semi-)norms [ ||Al|y2 < [[N|2, ||/\||le < [ AlIE ]

NI =, inf IVl +lu=Al e}

uePrP(
1A% o :ueipf}f(T){||VUHf2(T)+HU*AH,?,FJF > ||u70|\,%p}
F'eFr\F
IRMAZ = D IRMAT <D {1+ IRX = Alar}

TeT TeT

12/16



BDDC Preconditioning

Bounding the averaging operator

Trace (semi-)norms [ [|A[|g2 < A A2 < IME o]
NI =, ot { IVl Hlu=Al e}

uePP(T
IAIE 0 A ||U—0Hf,pf} D IR = 1AM 7
F'eFr\F FEFT

Bounding R\

IRA|IZ S IRAET <D {IME T+ IRA = Allar}

TeT TeT

> {||A|i,r+ > ||RA—A|%,O}
TeT FeFr

. 2 _
it IVl +lla=N

IN
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BDDC Preconditioning

Bounding the averaging operator

Trace (semi-)norms [ [\l < M2, [\l < [A[2]

—_ 2 2
NI =, inf IVl Hlu=Al e}
Mo =, inf {IVelify+lu=ARet 32 1u=0Fe} | 3 INEo > A7

F'eFr\F FeFT

Bounding R\

IRME = D IRAMAT < > {IIMAr+ I1RY = Alfi 7}
TeT TeT
< Y {||A|i,r+ > ||RAA|%,O}
TeT FeFr
< (logp)’ » {|A||i,r+ > ||RAA||%}
TeT FeFr

[Alro < (ogp) A= VA€ {u € PP(F): A =0}
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BDDC Preconditioning

Bounding the averaging operator

Trace (semi-)norms [ [\l < M2, [\l < [A[2]

NI =, inf IVl Hlu=Al e}

uePP(T
et > Ju=02r b [ D INIEo 2 Iy
F'E€FT\F FeFr

Bounding R\

A2, = inf {v 2 “A
Ao =, inf {IVuln+lu=A

BB = 3 IR, €3 (M IR MEr) €.
TeT TeT
< (logp)” > {||A|i,r+ > ||RAA|%}
TeT FeFr
< (logp)” > {||A|i,r+ > ||A||2F}
TeT FEETL

[Alro < (ogp) A= VA€ {u € PP(F): A =0}
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BDDC Preconditioning

Bounding the averaging operator

Trace (semi-)norms [ A2 < (A2, Il < (A2 0]
IME = inf {IIVulf, o=} >IN = I 7
uePP(T)
FeFr
Mo =, inf {IVellfy+Hlu=AlRet - 1u=0e} | 30 INRo > A
“ F'eFr\F FeFr
Bounding R\
IRME = D IRAAT < Y {IMar+IRA= A7} <.
TeT TeET
< (logp)” )y {||A|i,r+ > ||A||%}
TeT FeFr
< (logp)" Y [Ila r = (log p)" [INIfA,

TeT

IMllFo < (logp)lIXlF A€ {u € PP(F): J A =0}
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BDDC Preconditioning

Estimate for trace norm (if time)

Let X € PP(F) with [- X\ =0. Then there holds

[AllFo0 = (logp)"[|AllF
with v = 3.
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BDDC Preconditioning

Estimate for trace norm (if time)

Let X € PP(F) with [- A= 0. Then there holds

[MllFo = (logp)? [\l F

with v = 3.
Sketch of proof.

Consider reference element only.

Let u be the minimizer corresponding to ||A||r. Construct a suitable
approximation u* € PP(T) with u*|57\f = 0.

1. Construct a & € PP(T) with zero values on OF.

uy =u-— Z EvoTu(V), b=uy— Z EeTuv|E
VEF EcF

2. Mufioz-Sola extension: u* = Er_, 1i|F, = u'|F =10, u*lo7\F =0

3. ~ -
IValE,ry + lu = @I} £ < log pllullEnr)
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BDDC Preconditioning

BDDC results

Result of BDDC analysis

U{CEBDCA} C [1, C(log p)3]

The estimate

1Al

Fo = (logp) Ml ¥Ast. [ A=0
F

does not automatically carry over if the Hybrid Interior Penalty method defines
the discrete trace norms.
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Numerical example

3D poisson on cube with 184 els.

clflogz(p;) o
L C-log(p)? —— i
200 c oo,
HIP(5)
HIP(10)
HBR(FAC 5)
150 = HBR(EL 1.5)

Hif

100

condition number

polynomial degree p

Theoretical result appears not to be sharp!
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Conclusion/Summary

Conclusion

HDG methods [Cockburn,Lazarov,Gopalakrishnan 09; Cockburn et al. 07+]

I HDG methods are reasonable adaptations of DG methods when it comes to
solving linear systems

I HDG methods facilitate the construction of efficient preconditioners
? Choice of (H)DG variants (HIP/HBR) is important

BDDC [Dohrmann 03; Li,Widlund 06; Pavarino, ...]

I Easy to implement (static condensation, average, distribute)

I Natural for HDG finite elements (static condensation?)

I Suitable for p-version/ high order HDG finite elements

I (log p)? condition number bound for HDG on tetrahedra meshes
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Conclusion/Summary

Conclusion

HDG methods [Cockburn,Lazarov,Gopalakrishnan 09; Cockburn et al. 07+]

I HDG methods are reasonable adaptations of DG methods when it comes to
solving linear systems
I HDG methods facilitate the construction of efficient preconditioners

? Choice of (H)DG variants (HIP/HBR) is important

BDDC [Dohrmann 03; Li,Widlund 06; Pavarino, ...]

I Easy to implement (static condensation, average, distribute)

I Natural for HDG finite elements (static condensation?)

I Suitable for p-version/ high order HDG finite elements

I (log p)? condition number bound for HDG on tetrahedra meshes

Thank you for your attention!
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Backup-Slides

Modified versions of the BR-stabilisation |

Reduce order of facet polynomials (Superconvergence)

[ v = [ vvep iy

Essential estimate

v Jp 7n(s =)
—(u— X Vv sup ST ——
] 6n( ) IVvlleym cetprp ol

IA

1 2 g 2
< ZHV‘/”LZ(T) + EHHE(U = ML)

To use one degree less for the facets than inside the element is sufficient.
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Modified versions of the BR-stabilisation ||

Essential estimate (minimal facet stabilisation)

v Iw(y — )
—(u — )\ S VV su Fan—
F ont )< 1Vlliamy wePE\R VW o7y

<V IV rE(w = My

With lifting rf(-) € PP\ R: / Vrg(p)Vv = / ?u YvePP\R
T Fon

Al((“a )‘)7 (V7 :U'))
= 7 { Jr VuVv—[o7 B0~ fyr S50l + 0 Secr, [7 V(LD V(D)
Ao((uX). (v, ) = S 7 Sz, § S (PP )u)(PP V]

All terms for A; are computed anyway (lifting is cheap)!




Backup-Slides

Modified versions of the BR-stabilisation I

Essential estimate (minimal element stabilisation)

v Qw(y_ )
—(u=M\) < ||Vv sup 9L on’" "7 < |vy|? Vri(u=\)|?
L, 5 < 19vlry sup SIS < I oy 973 N

With lifting r(-) € PP\ R: / Vri(p)Vv :/ @u VvePP\R
T aT On

Ar((w, ), (v, 1))
=S { fr Vuv = for 31V = Jor Se0el + o [ Vrr([uD) Vri(Iv) }
Ao((,2), (v ) = 7 o7 § (PPl (PP )V

19/16



Backup-Slides

Additive Schwarz-type domain decomposition

Using ASM preconditioner with
» One (global) block for A € P°(F)
> One (local) block for each element and X\’

gives the same (log p)® bound for the condition number.

idea of proof.

Show that the decomposition into Ag and )\’ is a stable decomposition.
Bound [|\'||% in terms of ||A||2 using the estimates relating ||u||r and ||p||F,o0 for
w € PYF)L. O
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Backup-Slides

HDG - A priori error estimates

Energy norm estimates

From discrete stability, consistency and continuity w.r.t. to a slidely stronger
norm, it follows:

. hs
|(u = up, u— Ap)ll1,HD6 < :/n,i [(u—v,u— .U)HI,HDG < CPWEH“”H“S

with 1 < s < p and v = 0 on conforming meshes and v = 1/2 else.
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Backup-Slides

Full Proof of ||A||ro < (log p)Y||Allf YA € PO(F)*

Full proof: u* = EF_, 11, U constructed extension of u with i1 = 0 on OF.

IMEo = inf {IVulf+lu—AEr+ Y lu—0lfr]
F'eFr\F



Backup-Slides

Full Proof of ||A||ro < (log p)Y||Allf YA € PO(F)*

Hint: Choose u as u*. Note that v* =00n 0T \ F.

Full proof: = Er_, 71, U constructed extension of u with 7 = 0 on OF.
Mo = inf {IValfe+llu—ARBe+ S flu—0l2}
F'E]:T\F

IA

IVu[|? + [lu* = A7 +0



Backup-Slides

Full Proof of ||A||ro < (log p)Y||Allf YA € PO(F)*

Hint:  |u|p < ||ul|gr and v* =T on F.

Full proof: u* = Ef_, 11, U constructed extension of u with &1 = 0 on OF.

Mo = inf {IVolf+lu—MZe+ 3 lu—02)
F'eFr\F

IVu[|? + [lu* = A7 +0

™[y + 18 = AllF ¢

IA A



Backup-Slides

Full Proof of ||A||ro < (log p)Y||Allf YA € PO(F)*

Hint:  Mufioz Sola Ext.: |[u*(|y: < [|Gl[1/201) = 18]l yr2 ry A-Inequality
HL2(F)

Full proof: = Er_, 11, U constructed extension of u with 7 = 0 on OF.
Ao = inf {IVullf+lu=AZe+ > llu—0ls ]
F'EfT\F
< VP + vt = XZF+0
< oy + 1T = XEe
= ||‘~’Hi,;0/2(F) + [ — u”J?,F + [lu - /\||J2,F



Backup-Slides

Full Proof of ||A||ro < (log p)Y||Allf YA € PO(F)*

Hint: Bica (Ph.D): ||w|| 12, =< (|ng)2||WHH1/2(F) Vw e PP(F)
Hys “(F)

Full proof:

[RY[3

A A IA

IA

“ = Er_, 10, U constructed extension of u with 7 = 0 on OF.

inf {IVuld+llu=MEe+ Y lu—0lf ]
F’E]‘—T\F

VeI + [l = A7 F +0
™[y + 18 = Allf ¢

11y 118 =l + s = N

(log P)2||‘~/Hi/1/2(F) +||o - U||12,F + [lu — /\”iF



Backup-Slides

Full Proof of ||A||ro < (log p)Y||Allf YA € PO(F)*

IVIlm2ry < IV VI ()

Full proof: = Er_, 11, U constructed extension of u with 7 = 0 on OF.
2 : 2 2 2
IMEo = inf {IVulf+lu—AEe+ Y lu—0lFr}
F'eFr\F
< VP + vt = AZF+0
< oy + 1T = XEe
= ||le21/2 )T 17— ull? £+ llu =X F
= (lng)2||uHH1/2 + 1o —ullf  + llu = AZe
< (logp)® IIVUIILz(T) +la—ullf e+ lu = A7 e



Backup-Slides

Full Proof of ||A||ro < (log p)Y||Allf YA € PO(F)*

IVl + |5 — ul2, < ClogpllulZr) (Thm. 11 + 18)

Full proof: u* = Ef_, 11, U constructed extension of u with i = 0 on OF.

IMF o

IA A

VAP NP

inf {IVulf+llu= A+ 3 u—0l3)

F'eFr\F
Ve + ll6™ = Al +0
™l ry + 118 = A e
118206y + 18 = wllfe + llu = All7e
(Iog p)zuuuwz 115 — ul2p o+ llu = AR
(log p)2||Vu||Lzm 7 — w2+ lla— A
(log p)>[lulltn(ry + lu = ll7 £
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Backup-Slides

Full Proof of ||A||ro < (log p)Y||Allf YA € PO(F)*

Poincare-type inequality: ||u||t: () < iz(T) + Jlu— A2

* = Er_, 1, U constructed extension of u with 7 = 0 on OF.

Full proof: u

MEo = it (Il +lu-AZe+ 3 fu-0f2e)
F'eFr\F
< Ve + llut = Al F +0
O e Y
= ||l7\|21/z y 18 = ullfr+ llu = AllZ
=< (log P)2||U\|H1/z + 1o = ullfe+llu—= Al r
< (log P)2||VU||L2(T) + T —ulf e+ llu = AZe
< (log p)*[lullin ry + llu— Al £
< (log p)*(IVullfary + lu = Az )



Backup-Slides

Full Proof of ||A||ro < (log p)Y||Allf YA € PO(F)*

u is the minimizer corresponding to ||A||r.

Full proof: u* = Ef_, 11, U constructed extension of u with &1 = 0 on OF.

IMF o

IA A

VAP NP

IA

inf {||VUHL2+||U—)\||J,F+ > IIU—OII?,F}

F'eFr\F
IV |1 + [l = Alf ¢ +0
[y + 1T = Al £
@13, vz 110 = ullfe + llu = X7 e
(log P)2||UHH1/2 +E = ulf e+ llu=AlZe
(o8 I+ 13—l + Ju— N2
(1og gy + lla — A2
(log p)* (I Vull 2y + llu = All7¢)
(log p)°|I A7
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